We develop a new dynamic equilibrium model with heterogeneous households that captures the most important frictions that arise in housing rental markets and explains the political popularity of affordable housing policies. We estimate the model using data collected by the New York Housing Vacancy Survey in 2011. We find that there are significant adjustment costs in all markets as well as serious search frictions in the market for affordable housing. Moreover, there are large queuing frictions in the market for public housing. Having access to rentstabilized housing increases household welfare by up to $65,000. Increasing the supply of affordable housing by 10% significantly improves the welfare of all renters in the city. Progressive taxation of higher-income households that live in public housing can also be welfare improving.
Introduction
As the U.S. has shifted toward a knowledge-based economy, most large cities in the U.S. have experienced a surge in popularity. As a consequence, real estate prices and rental rates for housing have soared in many U.S. cities for the past two decades. These increases in the prices of housing can be explained by an inelastic supply of housing due to restrictive zoning laws combined with increasing demand of high-income households who prefer to live in attractive cities. 1 These economic trends have created a shortage of affordable housing in the most expensive housing markets such as Boston, Los Angeles, New York, San Francisco, and Seattle. Many progressive politicians have included the expansion of affordable housing policies in their platforms.
The political popularity of affordable policies in these cities is in stark contrast to long term trends in the supply of affordable housing. To increase the supply of housing, local governments often need to change zoning laws. Landowners and housing developers reap substantial windfall gains from rezoning. Politicians can redistribute part of these windfall gains from rezoning to renters by mandating that a certain amount of new housing is offered at affordable rates. The key insight here is that most affordable housing policies are not necessarily motivated by efficiency gains, but are driven by political conveniences. It is well known that affordable housing policies create a mismatch and often reduce the incentives to increase housing supply. The political popularity of these policies simply reflect the wishes and needs of the majority of voters that tend to be lowand moderate-income renters. 2 Despite the importance, prevalence, and political popularity of affordable housing policies in high-cost cities, there are few compelling dynamic models that allow us to quantify the benefits that arise from these policies to low-and moderate-income households. 3 The objective of this paper is to fill this gap. We develop and estimate a new dynamic equilibrium model with heterogeneous households that is consistent with the observed market frictions, the presence of mobility or adjustment costs, the existence of long queues for public housing, and the need to search for a long time to obtain access to rent-stabilized housing. Our model, therefore, captures the existence of three different types of rental markets-public, regulated, and unregulated rental markets-and formalizes the dynamic incentives faced by households.
We assume that households can rent any amount of housing in the unregulated market given the prevailing market price per unit of housing services. However, moving is costly. This implies that a household faces some adjustment costs when moving to a new rental unit that better fits its needs. All households also have access to regulated or rent-stabilized housing. We assume that the rental price for rent-stabilized housing is significantly lower than the equivalent market price in the unregulated market. Since the demand for rent-stabilized units typically exceeds the supply, there are significant frictions in the rent-stabilized market. Finding a rent-stabilized apartment involves significant search efforts and luck. We capture these market frictions by endogenizing the probability that a household who is actively searching for rent-stabilized housing receives an offer to move into a stabilized unit. The search frictions and moving costs then create misallocations of housing units in rental markets. 4 2 In that sense, the current political popularity of affordable housing policies may just reflect the "tyranny-of-the-majority."
3 Low-and moderate-income households play a key role in the provision of many local goods and services in an urban economy. Their presence is particularly essential with extreme-skill complementarity in the production function of large cities as discussed in detail by Eeckhout, Pinheiro, and Schmidheiny (2014) . 4 Our modeling approach is thus consistent with Glaeser and Luttmer (2003) who show that rent controls lead to misallocations in housing markets. Our paper is also related to search and matching models that have been applied to study owner-occupied housing markets. See, for example, Wheaton (1990) , Krainer
Low-and moderate-income households are also eligible for public housing assistance in our model if their incomes are below an exogenously determined threshold. The rent charged for public housing is a fixed percentage of household income. Hence, there is no price mechanism to ensure that public housing markets clear. Demand for public housing vastly exceeds the available supply in most affluent U.S. cities. Rationing is achieved by placing households on waitlists that allocate free units to households with the highest priority, that is, households that have waited for public housing the longest. 5 Moreover, the housing authority does not evict households after they have lost their eligibility for housing aid. Consequently, these policies imply that public housing is not necessarily allocated to the most deserving low-income households.
Our model significantly improves over previous studies that have been based on static models. Any model that tries to capture search or queuing behavior needs to be dynamic. The main challenges relate to modeling the degree of forward-looking behavior and the beliefs that households hold with respect to the probabilities of obtaining access to public or affordable housing. Public and affordable housing also offers partial insurance against negative income shocks. Upon receiving a positive income shock, a household may consider moving out from public housing or rent-regulated housing. However, households need to take into consideration that they may be hit by negative income shock in the future and that it will take a long time to get back into public or affordable housing. These insurance aspects are potentially important components of the welfare gains associated with public or affordable housing.
We define and characterize a stationary equilibrium with search and rationing. The length of the waitlist for public housing and the probability of finding a rentstabilized unit are all endogenously determined in the equilibrium of our model. Lowand moderate-income households prefer to live in public housing due to the large rent subsidy, which implies a large increase in numeraire consumption, and the relatively high quality of these housing units. Rent-stabilized housing appeals to a large range of low-, moderate-, and even high-income households due to the significant rental price discount relative to the unregulated market. Due to the existence of rationing in public housing and search frictions in rent-stabilized housing a fraction of low-and moderateincome households must also rent in the unregulated market in equilibrium. Our model can, therefore, explain the existence of long wait and search times and is consistent with the observed misallocations in public and rent-stabilized housing markets.
The parameters of our model can be identified based on the observed moments in the data. Our proof of identification is constructive and can be used to define a method of moments estimator. This estimator matches the sorting of households by income (2001) , Albrecht, Anderson, Smith, and Vroman (2007) , Piazzesi and Schneider (2009), Diaz and Jerez (2013) , and Anenberg (2016) . Owner-occupied housing is distinctly different from affordable and public housing that are the focus of this paper. 5 Geyer and Sieg (2013) considered a static model of public housing with myopic households and do not analyze rent-stabilization programs. Moreover, they focus on housing markets in Pittsburgh. Thakral (2019) considered a dynamic model of matching and introduces a multiple waitlist procedure. His analysis suggests that there are large potential welfare gains associated with this allocation mechanism. Halket and Nesheim (2017) also considered the problem of optimal allocation of public housing. Waldinger (2019) studied the efficiency of different assignment mechanism using data from Cambridge, Massachusetts.
and family type among housing options and the average time spent in different housing markets. The estimator also matches the average rental payments for each housing type. 6 Our empirical analysis focuses on New York City (NYC). While many cities in the U.S. and abroad face the challenge to provide an adequate supply of affordable housing, NYC has been at the center of the debate over the desirability of affordable housing policies. Studying the housing markets for low-and moderate-income households in NYC is promising for a variety of compelling reasons. First, NYC has the largest stock of rental apartments of all cities in the U.S. and is generally perceived to be one of the most expensive rental markets in the world. Second, New York City also has the largest stock of public housing units of all cities in the U.S. Finally, NYC is the only large city in the United States that has ever declared a housing emergency and has adopted strict rent-stabilization policies over an extended period of time. 7 NYC, therefore, serves as a laboratory to explore the effectiveness and impact of a affordable housing policies.
Our empirical analysis is based on the 2011 sample of the New York City Housing and Vacancy Survey (NYCHVS). This survey provides comprehensive data about household and housing characteristics. In particular, we observe household income and family status, the time that the household has spent in the housing unit, as well as a large number of structural characteristics of the housing unit that the household occupies. In addition, it allows us to classify households as living in public housing, rent-stabilized housing, or unregulated housing. We implement our estimator focusing on Manhattan since waitlists for public housing in NYC are operated at the borough level. The data show that approximately 10% of our sample of low-and moderate-income households lived in public housing communities in 2011. Fifty-seven percent of households lived in rent-stabilized units. The remaining 33% rented in the unregulated housing market. At the time of the survey, households spent, on average, 16 years in public housing, 9 5 years in regulated housing, and only 4 years in unregulated housing. Not surprisingly, households in public housing are much poorer than households in rent-stabilized and unregulated housing.
Our model fits the sorting of households by income among the three housing options. It captures differences in rental prices as well as time spent in the housing units. Our model allows us to quantify the importance of search and queuing frictions, as well as adjustment costs. Our findings suggest that all three types of frictions are highly relevant to understand rental markets in NYC. We find that rental prices for stabilized housing are approximately 50% lower than prices in the unregulated market in Manhattan. This significant discount explains the popularity of rent-stabilized units. The probability of finding a rent-stabilized unit is approximately 11% per year for a relatively affordable, low-quality unit and 26% for a more expensive, high-quality unit. The average wait time for public housing is approximately 19 years. 6 Our work is also related to the new literature on estimating dynamic models of houses and neighborhood choice, as discussed in Bayer, McMillan, Murphy, and Timmins (2016) as well recent work on hedonic equilibrium models by Epple, Quintero, and Sieg (2020) . 7 Over one million households live in rent-regulated housing units in New York City. Many other large
European and Asian cities also use strict rent control laws to provide affordable housing. An early analysis of the benefits and costs of public housing in New York City is given by Olsen and Barton (1983) .
Policymakers and politicians have struggled to find a response to the increasing demands of low-and moderate-income voters to increase the supply of affordable housing. Our model provides a compelling explanation of why these policies have been so popular at the ballot box with the vast majority of urban renters. Our analysis shows that low-quality units of affordable housing are attractive for most low-and moderateincome households. These households gain up to $60,000 from having access to stabilized units. For high-quality units, the results are even more striking. High-quality units are attractive for moderate-and high-income households and generate welfare gains of up to $65,000. 8 Given these large benefits associated with affordable housing, it is not surprising that rent-stabilization and affordable housing policies are popular, not only with low-and moderate-income households, but with the vast majority of all urban renters in NYC.
We then evaluate the impact of increasing the supply of affordable housing on the distribution of renters' welfare. We find that a 10% increase in the supply of affordable improves welfare for all renters since the wait and search times decrease. The average welfare gains associated with a permanent 10% increase in the stock of affordable housing are approximately $20,000. Of course, these findings do not imply that these policies are desirable or efficient since these policies impose large losses on landowners and housing developers. The magnitude of these losses are hard to assess. 9 However, our findings provide a compelling explanation of why affordable housing policies are increasingly popular among urban renters and populist politicians.
Finally, we study the impact of policies that progressively tax households that live in public housing, but have incomes that exceed the eligibility threshold. Note that approximately 17% of all household living in public housing in Manhattan fall into that group. We show that we can design a revenue-neutral progressive tax system that can increase overall welfare by taxing ineligible high-income households at a substantially higher rate than eligible, low-and moderate-income households. Moreover, we can also use progressive taxation to reduce the average wait time for public housing and reallocate public housing to more deserving low-income households.
The rest of the paper is organized as follows. Section 2 discusses affordable housing policies in NYC and our data. Section 3 provides a new dynamic model of affordable housing markets. Section 4 discusses identification and estimation of the parameters of our model. Section 5 presents our empirical findings. Section 6 reports the findings from our welfare analysis and considers alternative housing policies. Section 7 offers our conclusions.
Data
Our empirical analysis focuses on the rental housing markets of NYC. Housing markets have been heavily regulated in NYC since the 1930s. As of 2011, over one million units were rent-stabilized representing roughly 47% of the rental housing stock in 8 The gains associated with public housing are of a similar magnitude, approximately $60,000. These findings are robust to a number of changes in the model specification. 9 The early literature on rent control primarily focus on the misallocation in housing markets. See, for example, Olsen (1972) , Suen (1989) , and Gyourko and Linneman (1989 Involuntarily stabilized units, representing 92% of the stabilized stock, are regulated based on a "housing emergency" declared by the city in 1974 and renewed every 3 years since. Under New York State's Rent-stabilization Law, the city may declare a housing emergency whenever the city's rental vacancy rate drops below 5%. This law was most recently renewed in June 2015 and affects units with a maximum rent of $2700. Rent stabilization sets maximum rates for annual rent increases. It also entitles tenants to have their leases renewed. The rent guidelines board meets every year to determine how much the landlord can set future rents on the lease.
In addition, low-and moderate-income households may have access to public housing. Providing adequate housing and shelter for low-and moderate-income households has been a policy goal of most federal, state, and city administrations in the United States since the passage of the Public Housing Act of 1937. The New York City Housing Authority (NYCHA) provides public housing and administers Section 8 housing vouchers for low-and moderate-income residents throughout the five boroughs of New York City. Households whose incomes do not exceed 80% (50%) of median income are eligible for the public housing program (voucher program). In addition, income limits are functions of family size. For example, in 2011 the income limit for a single person household was $45,850 ($28,500) while it was $65,450 ($40,900) for a family of four.
Applications for public housing are assigned a priority code based upon information that includes employment status, income, family size, and quality of the previous residence provided. Households are then placed on the housing authority's preliminary waiting list for an eligibility interview. Households are required to update or renew their applications every 2 years if they have not been scheduled for an interview. Upon passing the interview and background checks, applicants are then placed on a (boroughwide) waiting list.
More than 403,000 New Yorkers reside in NYCHA's 177,666 public housing apartments across the city's five boroughs. Another 235,000 residents receive subsidized rental assistance in private homes through the NYCHA-administered Section 8 program. The NYCHA reported that 270,201 families were on the waitlist for conventional public housing and 121,356 families on the waitlist for Section 8. Little is known about the annual flows of waitlisted individuals into public housing. The NYT reported on July 23, 2013, that "the queue moves slowly. The apartments are so coveted that few leave them. Only 5400 to 5800 open up annually." As of December 10, 2009, NYCHA stopped processing any new Section 8 applications due to the long waitlist. As a consequence, there is almost no mobility in and out of Section 8 housing markets. We, therefore, treat Section 8 housing as a completely separate market and focus on public housing and rent-stabilized housing in this paper. The empirical analysis is based on the New York City Housing Vacancy Survey (NY-CHVS) in 2011. The main advantage of this data set is that it matches households with units. It contains detailed information about both household characteristics and housing characteristics.
We focus on affordable housing for low-and moderate-income households which imposes three sample restrictions. First, we drop households whose average incomes exceed 200% of median income level. This sample restriction is motivated by the fact that many high-income households are likely to own a condominium or house and, therefore, face a different choice set than low-and moderate-income households. 12 Second, we drop all low-income households that receive vouchers since that market has been closed for at least 6 years. 13 Finally, we drop all households not living in Manhattan since waitlists are operated at the borough level rather than city-wide. These restrictions reduce our sample size to 1666. 14 Table 1 provides some descriptive statistics of the Manhattan housing market for 2011. Table 1 shows that a large fraction of the rental units in Manhattan is subject to rent-stabilization. The fraction was 58% in 2011. At the same time, the average rent was $2640 in the unregulated market and $1317 in the regulated market.
Households tend to stay for long periods in their apartments. On average in 2011, households had occupied their apartments 16 18 years for public housing and 9 49 years for rent-stabilized housing. The turnover is much higher in the unregulated housing market. Not surprising, households in public housing are much poorer than households in rent-stabilized and unregulated housing. Households that live in public housing tend to be single-parent households, the majority headed by a female. Public housing households have more children, on average, than households in rent-stabilized or unregulated housing.
Finally, we rely on the 2008 Survey of Income and Program Participation (SIPP) to estimate the autocorrelation of the income process. Note that the NYHVS is a repeated cross-sectional data set and not a panel. Our SIPP sample consists of households that live in a metropolitan area in the state of NY.
A dynamic model of affordable housing markets

The baseline model
We consider a local housing market with three housing options: public housing (p), rentregulated housing (r), and housing provided by the unregulated market (m). The exogenous housing stocks in public and rent-regulated housing are given by k p and k r . 15 Time is discrete, t = 0 ∞. Households are infinitely lived and forward-looking. Households have a common discount factor β and maximize expected lifetime utility. In the baseline model, households only differ by income, denoted by y. Income evolves according to a stochastic law of motion that can be described by a stationary Markov process with transition density f (y |y). Below we extend our model to allow for additional sources of household heterogeneity.
Changes in housing consumption are subject to adjustment costs. Households that either move across three housing sectors or change the level of housing within the unregulated market incur a utility cost of γ. The previous choice of the housing sector d ∈ {p r m} and the level of housing service in the unregulated marketh are, therefore, relevant state variables in this model.
The flow utility is defined over housing quality, h, and a numeraire good, b. Consider a household that rents in the unregulated market. Housing services can be purchased at price p m . 16 Flow utility is, therefore, given by
Note that we are imposing the realistic assumption that low-and moderate-income households do not save and cannot borrow against uncertain future income. They are liquidity constrained and spend their incomes on housing and consumption goods in each period. Households in the unregulated market can choose to stay in the same housing unit and continue to consume the housing serviceh as in the previous period. The flow utility is given by
15 The assumption of a fixed supply of public and rent-stabilized housing is appropriate for NYC during our sample period. There was limited recent construction of new housing communities or rent-stabilized housing units in NYC. If anything, the supply of rent-stabilized housing has declined in the past decades. We discuss these issues in more detail in Section 6 of the paper. 16 We implicitly assume that unregulated housing supply is perfectly elastic at price p m . This assumption can be easily relaxed to endogenize the price of housing in the unregulated market by allowing for an upward sloping supply function.
There are R discrete different levels of housing quality in the stabilized market. The flow utility associated with a rent-regulated unit of quality h r and price p r < p m is given by
The next assumption captures the search frictions in that market.
Assumption 1. (a) Each period, there is a positive probability q r that a household receives an offer to move into a rent-regulated unit of quality h r .
(b) Each household receives, at most, one offer per period.
The probabilities of receiving an offer to move into a stabilized housing unit are endogenous and depend on the supply and the voluntary outflow from regulated housing as discussed below in detail.
To simplify the notation, we set R = 1 for the remainder of this section. All results can be easily generalized to account for heterogeneity in the quality and supply of rentstabilized units. 17 In our quantitative analysis below, we estimate a model with two discrete types of stabilized units. Public housing provides a constant level of housing consumption, h p . Each household pays rent that is proportional to income. Hence, the rent is equal to τ y, where τ is the "income tax rate" associated with public housing. In practice, τ is typically 0 3 for most housing communities and cities. Per period utility in public housing is, therefore, given by
The local housing authority that administers the public housing program manages a waitlist. The priority score of a household is a monotonic function of the time spent on the waitlist. More formally, let w denote the time that a household has been on the waitlist. Let p(w) denote the probability that a household who has been on the waitlist for w periods receives an offer to move into public housing. The next assumption captures the behavior of the housing authority.
Assumption 2. (a) The housing authority makes take it or leave it offers. If a household rejects an offer, the priority score is reset to zero. (b) The outflow of public housing is voluntary, and the housing authority does not evict households from public housing. (c) Eligibility is determined by an income cut-off, denoted byȳ and is checked every time period. Loss of eligibility means that the priority score is reset to zero.
These assumptions reflect a common practice of housing authorities in NYC and other U.S. metropolitan areas. Note that the distribution of priority scores is endogenous and determined in equilibrium as we discuss below.
The timing of decisions is as follows:
1. Each household gets a realization of income which determines the income distributions at the beginning of the period.
2. Some households get an offer to move into public housing. These offers are generated with probability p(w).
3. Some households get an offer to move into rent-regulated housing unit of quality r. These offers are generated with probability q r .
4. Households decide whether to move or not. Households in the private sector determine their housing consumption level. All households obtain the flow utility that depends on their decisions.
Priority scores are updated.
Note that the flow utility is realized after households have relocated.
The four state variables in this model are the priority score, w, the income, y, the previous housing sector, d, and the previous level of housing service,h. Define the conditional value functions associated with the four choices: Note that we have imposed the condition that V s (y h w) = V m (y h w). Also note thath is a deterministic function of the current income, y. We can derive recursive expressions for the unconditional value functions. The value functions, which are characterized in detail in Appendix A, then determine the optimal decision rules for each household.
To illustrate the optimal decision rules, we consider an estimated specification of the model with only one type of rent-stabilized housing. Figure 1 plots the policy function for a household in public housing. The vertical line indicates the income eligibility threshold for public housing. Optimal decision rules can be characterized by threshold rules. The dashed line indicates the decision rule of a household that received an offer to move into regulated housing while the dot-dashed line is the decision rule of a household without an offer.
Low-and moderate-income households prefer to live in public housing, moderateincome households prefer rent-regulated housing while high-income households prefer renting in the stabilized market, but prefer unregulated over public housing in the absence of stablized housing. Note that households in public housing are more likely to voluntarily move out of public housing if they have an offer to move into a rent-regulated apartment. Of course, the thresholds depend on the parameter values of the model. It is possible to generate specifications of the model in which high-income households want to live in unregulated housing. Similarly, we can characterize the decision rules for households in unregulated or rent-stabilized housing.
To finish characterizing the equilibrium, we need to define the inflows and outflows that are generated by our model. Let g m (w) (g r (w)) denote the marginal distribution of wait times for households in unregulated (rent-regulated) housing in stationary equilibrium. Let g p (y) denote the density of income of households that are inside public housing at the beginning of each period (before households have moved). Let g m (y h |w) denote the stationary density of current income and previous housing service conditional on wait time for households in the unregulated market. Similarly, let g r (y|w) denote the stationary density of income conditional on wait time for households in the regulated market. 18 Given these densities, we can characterize the resulting inflows and outflows for public and rent-stabilized housing. Consider the voluntary flow of households out of public housing. It is given by
Note that the first two terms are outflows to the unregulated market and the third term captures the outflow to the rent-regulated market. The flow into public housing is given
The inflow from the unregulated market conditional on wait time is
The flows for rent-regulated housing, denoted by IF r , which is given by
Similarly, we can characterize the outflow, denoted by OF r , as discussed in detail in Appendix C of this paper. In a stationary equilibrium, the inflows have to be equal to the outflows for public and rent-regulated housing. 19 Definition 1. A stationary equilibrium for this model consists of the following: (a) offer probabilities p(w) and q r , (b) distributions g p (y), g m (w), g r (w), g m (y h |w), and g r (y|w), and (c) value functions V p (y), V m (y h w), and V r (y w), such that:
1. Households behave optimally and value functions satisfy the equations above.
2. The housing authority behaves according to the administrative rules described above.
3. The densities are consistent with the laws of motion and optimal household behavior.
4. p(w) satisfies the market clearing condition for public housing:
5. q r satisfies the market clearing condition for rent-regulated housing: Finally, note that we can endogenize the price of housing in the unregulated market by assuming that that there is an upward sloping housing supply function H s m (p m ). The demand for unregulated housing given by
Imposing the market clearing condition for unregulated housing then endogenizes p m . We use this approach in some of our counterfactual policy experiments. Figure 2 illustrates the stationary equilibrium densities of income for a specification of our estimated model with one household type and only one type of rent-stabilized housing.
The top panel compares the marginal income densities of households in the unregulated market with densities of households that are in public housing. 20 We find that households with a priority score of zero, who are ineligible for public housing, have a much higher income than those who live in public housing. Note that households with a priority score of 5 years have lower incomes, on average. This due to the fact that households with high priority scores must have had incomes below the eligibility threshold for a number of consecutive periods to remain eligible, while this criterion does not apply for households in public housing. The lower panel compares the income density of households in the rent-stabilized market with the income density of households in public housing. Again we find similar qualitative patterns. Households that live in stabilized housing with high priority scores look similar to households in public housing.
Next, we characterize the properties of equilibria with rationing. The main analytical result is summarized by the following proposition. Proposition 1. Any stationary equilibrium with sufficiently strong excess demand for public housing has the property that there exists a valuew < ∞ such that: p(w + 1) = 1, 0 ≤ p(w) < 1, and p(w − j) = 0 for all j ≥ 1.
Note that p(w + 1) = 1 implies that there are no households with priority score greater thanw + 1, that is, g(w + 1 + j) = 0, for j ≥ 1.
Proof. We use a proof by contradiction. Suppose not, then
and next period there exists some households with priority scorew + 2, hence g(w + 2) > 0 which violates the stationarity definition and the definition ofw. Suppose that p(w − j) > 0 and p(w) ≤ 1. This case violates the assumption that offers to households with lower priority ranks can only be made if all households with higher ranks receive offers.
Suppose that p(w − j) > 0, p(w) = 1 and p(w + 1) = 1, then there will be no household in the next period which priority scorew + 1 which violates the stationarity assumption and that and that g(w + 1) > 0.
The equilibrium has the property that everybody in the highest priority group obtains an offer to move into public housing. In addition, a fraction of the households with the second highest priority also gets an offer. The remaining households with the second highest priority score who do not get an offer this period will obtain an offer in the next period. The intuition for this result is the following. The waitlist partitions the potential demand intow + 2 cohorts. By adjusting p(ω), we can smooth out the fraction of individuals that obtains an offer. Note that p(w j ) is not uniquely defined for w j >w +1. Since the housing authority makers take-it-or-leave-it offers, there will be no households with wait times larger thanw + 1. Without loss of generality, we can, therefore, set p(w + j) = 1 for all j > 1.
Given this equilibrium offer function, the inflow into public housing has two components and is equal to 
To finish the characterization of the equilibrium, we need to provide the laws of motion for the equilibrium densities. Equations (21)- (29) in Appendix B provide the details.
Extending the model to allow for multiple household types
Households differ across many observed attributes besides income, such as family size, race, ethnicity, or gender of the household head. We extend our model to capture these differences using discrete household types, which also allows us to include differences in preferences over public housing. 21 We assume that there are I mutually exclusive types of households. Household types are defined by observed discrete characteristics (number of kids, number of adults, etc.) Each household has a fixed share denoted by s i , where I i=1 s i = 1. 22 We make the following simplifying assumption which can be easily relaxed. Given that we do not have any data characterizing different waitlists, this a natural starting point for the analysis. We should point out that this assumption can be easily relaxed. We have also estimated versions of the model with heterogeneity that account for separate waitlists for households with different characteristics and obtained similar results. As we show in Appendix D, we derive the value functions, in-and outflows, as well as the laws of motions for the key densities for this extended model. The derivations are similar to the ones discussed for the baseline model without different household types.
Identification and estimation
Since equilibria can only be computed numerically, we introduce a parametrization of the model in this section. We then discuss identification and estimation.
There are four choices in our model: public housing p, rent-stabilized housing r, move to a new unregulated unit m, stay in the same unregulated unit s. We assume that the flow utility functions can be approximated by a Stone-Geary utility function. Hence, the four flow utilities are given by:
21 This approach could also be used to capture the fact that some households may not consider public housing a desirable housing choice due to its stigma as suggested by Moffitt (1983) . 22 This approach is in the spirit of Heckman and Singer (1984) although we will treat the household type as observed.
Recall that α determines the housing share parameter if h = 0. The parameter h captures minimum housing consumption. Adding this parameter, therefore, implies that our model predicts that housing shares are decreasing in income. Both parameters are, therefore, identified based on the observed housing shares by income.
We set the annual discount factor, β, at 0 95. We normalize the price of housing in the unregulated market, p m , to be equal to one since the units of housing services are arbitrary. The tax rate in public housing, τ, is determined by the administration of public housing programs. It is a state policy that renters in public housing pay 30% of their income in rent. 23 To identify and estimate the price discount in the rent-regulated market, p r , we assume that market rents can be decomposed into a price and a quality index. We assume that the quality index is the same for units in the unregulated and the regulated markets, but the prices are not. We can, therefore use the techniques discussed in Sieg, Smith, Banzhaf, and Walsh (2002) to identify and estimate the price discount in the regulated market.
The quality parameters h r for r = 1 R are identified based on our classification algorithm discussed below and the observed market rents for each type of unit type conditional on observed characteristics.
Public housing quality, h p , is identified from the observed demand for public housing, such as average income of households in the public housing and average time spent in public housing. As can be seen in Figure 1 , a household whose income is below a certain cutoff chooses public housing if offered. The cutoff is an increasing function of the public housing quality. The model predicts that the average income of households in public housing is an increasing function of the public housing quality. Similarly, with the higher cutoff, households are less likely to move out of the public housing, thus average time spent in the unit is also an increasing function of the public housing quality.
Income consists of a fixed minimum income y = p m h plus a stochastic component, y it . Hence, we have y it = y +ỹ it . We assume that the logarithm of stochastic income for each household follows an AR(1) process:
where the standard deviation of the error term is given by σ. The mean and the standard deviation of log income are identified of the observed income distributions in the data. We use panel data from the Survey of Income and Program Participation to estimate the autocorrelation parameter of the income process.
All parameters of the income process and household preferences depend on household type in the extended model. The household type is observed by the econometrician. The identification argument, therefore, extends to that model since all relevant moments are observed conditional on type.
The introduction of moving costs generates a more realistic model. Previous empirical housing studies have suggested that moving costs may be substantial. Adding these frictions generates persistence in housing choices in the unregulated market. As a consequence, the moving cost parameter, γ, is primarily identified from the observed length of stay in an apartment that is not subject to rent-stabilization.
The arguments for identification are constructive and suggest that we can estimate the parameters of our model using a method of moments estimator. We use the following moments in estimation: the fraction of each housing type, the average time spent in the unit by housing type, the average income by housing type, the variance of income by housing type, the average rents by housing type. Asymptotic standard errors can be consistently estimated using the standard formula for a parametric method of moments estimator provided, for example, in Newey and McFadden (1994) .
Empirical results
Measuring the discount in rent-stabilized housing
To measure the relative price between unregulated and regulated housing, we estimate a hedonic regression using data on housing units in both market. As discussed in Section 4, we assume that the quantity index that relates structural and neighborhood characteristics to housing service flows is constant among the two markets. We can, therefore, use a dummy variable for stabilized units to measure the price difference between the regulated and the unregulated housing market. Table 2 summarizes our findings based on regressions with and without subborough controls. The regression also includes dummy variables that indicate whether the building has an elevator, the building age, the building size, a dummy for the fuel type, a dummy for condo/coop, a dummy for bad walls, and a unit floor control.
Column I reports the results without sub-borough fixed effects. This regression suggests that regulated units are, on average, 62% cheaper in Manhattan compared to the market rated units. Once we allow for sub-borough fixed effect, the estimated discount drops to 51%. We use the more conservative estimate of the discount for rent-stabilized housing in the analysis below.
Estimating this price differential requires the assumption that rent-regulated and unregulated housing do not differ based on unobservables. There are some obvious concerns regarding this assumption. Rent-regulated units can be poorly maintained. Fortunately, NYCHVS provides very detailed information about the physical characteristic of the housing units. In our hedonic regression, we control for the condition of the building (dilapidated, deteriorated, sound) condition of the exterior wall (existence of major crack, etc.), and age of the building along with typical housing quality controls. Furthermore, we also include a sub-borough identifier (dividing the Manhattan borough to 10 subregions) to control for potential heterogeneity in neighborhood quality.
Using the estimated hedonic model, we can predict the quality of each apartment in our sample. 25th and 75th percentiles of the distribution are $24,963 and $34,239, respectively. To reduce the computational complexity of the model, we approximate this continuous distribution using two discrete types. We define housing quality as low (high) if the predicted quality index of the housing unit is below (above) the median quality. 24 Note: Standard errors in parentheses. Table 3 reports the estimated parameters and standard errors for three specifications of our model. First, we estimate the baseline model. Second, we add heterogeneity in regulated housing types. Finally, we add heterogeneity in discrete household types. Overall, we find that all parameters are estimated with good precision. Consider the baseline model in Column I. The parameter α captures the housing expenditure share for households with sufficiently high income such that the impact of the minimum housing consumption h is negligible. In our application, these are household with incomes of approximately $200,000 and more. Low-income households tend to have higher housing expenditure shares than high-income households. This is captured by our estimate of h, which is approximately $12,395. Once we allow for heterogeneity in regulated housing types in Column II, our estimate of α increases to 0 28, and the estimate h decreases to $10,480. As a consequence, low-and moderate-income households spend approximately 40 to 45% of income on housing if they rent in the unregulated market. High-income households spend approximately 30-35% of income on housing. We also find that there are substantial moving costs, which are captured by the parameter γ. The estimate is $14,014 ($11,081) in Column I (II). Column III shows that female-headed households have slightly lower estimate of α and higher estimate of h than male-headed households. Female-headed households also tend to have lower moving costs than male-headed households. None of these differences are, however, significant at conventional levels. The parameters of the income process, however, depend on the observed household type. Female-headed households have more volatile and less persistent incomes than male-headed households.
Parameter estimates and goodness of fit
Housing quality is measured as equivalent expenditures in the unregulated market. The baseline estimate in Column I shows that an average public housing unit in Manhattan provides the same quality as a unit that rents for $17,912 in the unregulated market. The average quality of rent-stabilized housing in the baseline model is $32,172. Allowing for heterogeneity in rent-stabilized housing in Column II indicates that the quality for a low (high) quality rent-stabilized apartment is $27,499 ($34,467). Allowing for heterogeneity in household types does not affect these estimates. We thus conclude that public housing units are of significantly lower quality than low-quality, rent-stabilized housing units. High-quality, rent-stabilized units provide, on average, 25% more housing services than low-quality units. Table 4 summarizes some properties that correspond to the equilibria that are implied by the parameter estimates. Our model generates wait times of approximately 19 to Figure 3 . The benefits of rent-stabilized housing.
20 years. The probability of finding a rent-stabilized unit is approximately 25% for highquality units and 10% for low-quality units. Overall, these predictions are quite plausible.
Our estimates imply that affordable housing is an attractive option for low-and moderate-income households in Manhattan. To illustrate the magnitude of these effects, we compute compensating variations that measure the benefits of having access to rent-stabilized housing relative to renting in the unregulated market. Figure 3 plots the compensating variations by income for the two quality levels of rent-stabilized housing.
Our analysis suggests that even low-quality units of affordable housing are quite attractive. A household with approximately $100,000 gains approximately $60,000 from having access to a low-quality, rent-stabilized units. High-quality units are also attractive. A household with approximately $150,000 gains approximately $65,000 from having access to a high-quality, rent-stabilized unit. Figure 3 shows that there is an inverted-U shaped relationship between income and welfare gains. As a consequence, rentstabilization policies create a fair amount of misallocations in housing markets. 25 Given these large benefits associated with affordable housing, it is not surprising that rent-stabilization and affordable housing policies are popular at the ballot box, not only with low-and moderate-income households, but also with higher-income households that rent. As a consequence, our model explains the prevalence and political popularity of affordable housing policies in places such as NYC and Los Angeles.
We focused in this section on the Manhattan subsample. We also estimated specifications of the model using the full sample that includes renters of all five boroughs. The results are qualitatively similar to the results reported above. The main difference is that the price discount for affordable housing, wait and search times are lower using data from all five boroughs. Table 5 reports a variety of goodness of fit statistics. We report the key statistics for the models in Columns I and II. Overall, we find that our model fits the key moments used in estimation well. 26 6. Policy analysis
Increasing the supply of rent-stabilized housing
The popularity of affordable policies is in stark contrast to longer term trends in the supply of affordable housing in NYC. Landlords primarily bear the burden of the rentstabilization policies. Note that less than 8% of all apartments in NYC are voluntarily rent-stabilized. These landlords obtain significant tax breaks as a return for making a fraction of the housing units affordable. The vast majority of rental units in NYC-approximately 92%-are "involuntarily" stabilized under New York state's rentstabilization law. In NYC, landlords have long been allowed to deregulate vacant apartments if the legal rent for a new renter exceeds a threshold, which is currently $2700 a month. Between 1993 and 2015, more than 139,000 apartments have been converted to market rates through vacancy decontrol which has led to a significant decline in the supply of affordable housing (WSJ, 2015) . 27 Not surprisingly, these trends have not gone unnoticed. As a candidate, the current mayor of NYC, Bill de Blasio, successfully ran on a platform that promised significant increases in the provision of affordable housing. Once in office, he proposed and the city council recently adopted a 10-year plan to build and retain 200,000 affordable housing units in the NYC area through various rezoning laws. We can use our model to simulate the effects of these types of policy changes on renters' welfare. Using our model with two affordable housing types, we increase the supply of affordable housing by up to 10%. We consider the impact of this policy change on the probability of finding an affordable housing unit, the wait time for public housing, as well as the distribution of renters' welfare in the economy.
Here, we consider the impact of increasing the supply of regulated housing from 57 2% to 63 2% of total rental units in Manhattan. We increase the supply of low-quality and high-quality regulated housing equally. Figure 4 shows that a 10% increase in the supply of affordable housing substantially increases the probability of receiving an offer to move into a regulated housing unit in equilibrium. The probability of finding a lowquality unit increases from 10 to 20%, while the probability of finding a high-quality unit increases from 25 to 50%. Wait times for public housing also decrease by up to 1 year.
The reduced wait and search times are associated with a more efficient allocation of public and rent-stabilized housing in equilibrium. Households are more likely to move out of affordable units when they receive positive income shocks. Hence, those units can be reallocated faster to more needy households. As a consequence, the time spent in public or regulated housing decreases significantly. Similarly, households in the unregulated market also spend less time in the unit because of the reduced wait and search times for affordable housing. 28 In a static framework, subsidized housing is primarily occupied by low-income households. An increase in the supply of subsidized housing implies that the average income of households in those subsidized units increases as more moderate-income households move into those units. In our dynamic framework, there is another countervailing effect. As the allocation of affordable housing becomes more efficient, those units are occupied by households whose realized income is low due to negative income 28 Another measure of the inefficiency of the equilibrium allocation is the fraction of ineligible household in public housing. We find that increasing the supply of regulated housing can also mitigate this problem to some degree. shocks. As we increase the supply of regulated housing, we find that the average income of households in public housing and low-quality regulated housing decreases.
We can measure the welfare gains for households using compensating variations. Figure 5 plots the average welfare gain as a function of the increase in the regulated housing stock. We find that the average welfare gain of a 10% increase in affordable housing is approximately $20,000. Note that all households in our model benefit from a permanent increase in rent-stabilized housing. The lower wait and search times imply that all households are better insulated against negative future income shocks. Overall, the welfare gains from this insurance are larger for high-income households. Of course, the biggest gains are for those who prefer rent-stabilized housing and now are more likely to obtain access to it.
Finally, we evaluate how sensitive the results of our policy analysis are to changes in the supply of unregulated housing. In the baseline model, we assume that the housing supply for unregulated housing is perfectly elastic. Hence, prices in unregulated housing are not affected by the change in the supply of affordable housing. Alternatively, we can use an aggregate housing supply function given by H s m (p m ) = l[p m ] . We set the constant l such that demand and supply are equal when p m = 1 in our baseline year 2011. To evaluate the robustness of our findings, we repeated the exercise above assuming a variety of different values for the supply elasticity of unregulated housing. Here, we focus on the case when = 0 5. A 10% increase in regulated housing reduces the demand for unregulated housing. As a consequence, the rental price for unregulated housing drops by 10%. As private housing gets cheaper, it becomes more attractive. As a consequence, the reduction in waiting and search times are even steeper than in the baseline model. But overall, we obtain the same qualitative and quantitative results. 29
Taxing ineligible households in public housing
One notable feature of existing public housing policies is that housing authorities rarely ask a household to leave public housing once its income exceeds the eligibility thresh-Quantitative Economics 11 (2020) Figure 6 . Revenue-neutral combinations of τ and τ.
old. Approximately 17% of households living in public housing in Manhattan have incomes that exceed 80% of the median income and are, thus, likely to be ineligible of housing aid. For these households, housing aid is de facto an open-ended entitlement program.
Since evictions are politically not feasible, we consider a different mechanism to encourage higher income households to leave public housing. Currently, the housing authority uses a flat income tax to generate rental income. The tax rate is 30%. The basic idea is to replace the current flat tax with a revenue-neutral progressive tax system. Here, we explore a piecewise linear tariff with a low marginal rate, denoted by τ, for incomes below the eligibility threshold (ȳ) and a higher rate, denoted by τ + τ, for incomes above the threshold. Hence, the new tax function is given by
For a given value of τ, we can solve for the revenue-neutral value of τ, using a simple line-search algorithm. Figure 6 illustrates revenue-neutral combinations of τ and τ in equilibrium. Figure 7 captures the welfare implications of these policy changes. Overall, we find that the progressive revenue-neutral tax is welfare improving. Welfare gains are up to $1400 per household when we set τ = 0 2 and τ = 0 28. The more progressive the tax system, the higher the aggregate welfare gains.
However, these revenue-neutral policies do not reduce wait times. The main reason for this result is that the progressive tax schedule provides even stronger insurance against negative income shocks. Thus, anticipating future negative income shocks, households are even less willing to move out of public housing.
To reduce wait times, we need to consider policies that are not revenue-neutral. For example, we can fix τ at the current level of 0 3 and then increase τ. This policy makes public housing less attractive for low-and moderate-income households. It reduces the average waiting times and generates additional revenues. However, it does not necessarily improve welfare. For example, if we set τ = 0 2, we can reduce the waiting time of the public housing by 1 1 years. However, the average welfare of the renters will drop by $300 on average.
Conclusions
We have developed a new dynamic model that captures search and queuing frictions in the rental markets for affordable housing, as well as mobility cost. We have characterized the stationary equilibrium with rationing that arises in the model. 30 We have shown how to identify and estimate the structural parameters of the model. Our application focuses on the housing markets of Manhattan in 2011. Overall, our model fits the observed sorting of households well. We have characterized the distribution of welfare that arises in our model. We have shown that access to low (high) quality of affordable housing can increase welfare by as much as $60,000 ($65,000). As a consequence, our model provides a compelling explanation of why affordable housing policies have been popular with the vast majority of urban renters in NYC. Finally, we have studied the effects of expanding the supply of affordable housing and the effects of progressively taxing households in public housing. We find that both policies can improve overall welfare.
We should point out that we cannot conclude from this analysis that affordable housing policies such as those in NYC are desirable. First, our analysis does not allow us to measure the costs that are imposed on landlords. Clearly, these policies primarily redistribute wealth and income from landlords to renters. The magnitude of the welfare losses imposed on landlords is largely unknown. Second, rent stabilization policies weaken the incentive to invest in housing. As a consequence, these policies have a significant negative impact on the long-term supply of both regulated and unregulated housing.
The main focus of this paper is on positive analysis. We provide new estimates of the benefits that a renter obtains from living in an affordable or public housing unit. Our analysis provides a compelling explanation of why affordable housing policies are popular with the vast majority of urban renters and populist politicians. From the perspective of landowners and housing developers, affordable housing policies are undoubtedly 30 Stationary is always a simplifying, but often necessary assumption. There is no evidence of "bubbles" in rental markets during our time period. Rental markets tend to be much less volatile than markets for owner-occupied housing.
costly. The main political advantage of affordable housing policies is that they allow local politicians to finance redistribution by implicitly taxing landlords and housing developers that benefit from rezoning policies. Since housing developers and landowners tend to benefit the most from improvements in urban quality via capitalization effects, affordable housing policies effectively redistribute part of these gains of urban redevelopment and improvement to low-and moderate-income renters. These renters tend to be the majority of voters in city elections.
Appendix A: Value functions
The value function of a household with characteristics (w y) that rents in the regulated market is given by 
The value function of a household with characteristics (w h y) that rents in the unregulated market is then given by 
Finally, the value function of a household living in public housing satisfies
Appendix B: Law of motions for the income distributions
The equilibrium rationing rule then implies the following law of motion for the stationary income distributions:
Optimal amount of housing service for the mover in the unregulated market is given as a deterministic function of income and p m ,
Since p m is constant, we will drop it to simplify the notation:
and
Moreover,
and g r (w j ) = g r (w j − 1) 1 − p(w j − 1) Note that the first term is the outflow of those households that have an offer to move into public housing. The second term is the outflow of households eligible for public housing who do not have an offer to move into public housing. The last term is the outflow of households above the eligibility threshold to unregulated housing. The flow into rentregulated housing is given by Let (k ip k ir k im ) denote the relevant type specific market shares. Let g im (w) (g ir (w)) denote the marginal distribution of wait times for households of type i in unregulated (rent-regulated) housing in stationary equilibrium. Let g ip (y) denote the density of income of households of type i that are inside public housing at the beginning of each period. Similarly, let g im (y h |w) denote the stationary density of current income and previous housing service conditional on wait time for households in the unregulated market. Let g ir (y|w) denote the stationary density of income conditional on wait time for households in the regulated market. 
Equilibrium in public housing requires that for each housing type i, we have 
Note that the first term is the outflow to public housing. The second term is the outflow to unregulated housing if you have an offer to move into public housing. The last two terms are the outflow to unregulated housing if you do not have an offer to move into public housing. 
Equilibrium requires that the aggregate outflow equal the aggregate inflow
As before, we can define a stationary equilibria with rationing as follows.
Definition 2. A stationary equilibrium with rationing for the extended model consists of the following: (a) market shares (k ip k ir k im ) i = 1 I, (b) offer probability p(w) and q r , (c) distributions g ip (y), g im (w), g ir (w), g im (y h |w), and g ir (y|w), and (d) value functions V ip (y), V im (y h w), and V ir (y w), such that:
2. The housing authority behaves according the administrative rules described above.
3. The densities are is consistent with the laws of motion and optimal household behavior.
5. q r satisfies the market clearing condition for rent-regulated housing:
6. The following identities hold for the market shares:
It is fairly straightforward to extend the law of motions for the equilibrium densities. 31 Appendix E: Distribution of housing quality Using the estimates in Column II of Table 2 we can predict the quality of each housing unit in the regulated market. Figure 8 plots the histogram of the quality distribution. In the quantitative model, we approximate this distribution by two discrete types. This is mainly done for computational reasons. It is, in principle, possible to estimate models with more than two types. Figure 8 . Distribution of housing quality in the regulated market. 31 An Appendix is available upon request from the authors that provides the relevant equations.
